Hypoid gears are used as the final reduction gear of vehicles to transmit and change direction torque. Plastic deformation of a hypoid gear tooth flank occurs when a load exceeding the yield stress acts on the tooth surface. This study analyzed the plastic deformation mechanism of hypoid gears. First, the relationship between plastic deformation and these stresses was identified by finite element analysis of approximated tooth contact. The results of this analysis found that local plastic deformation of the tooth flank is caused by internal stress under line of contact. The local plastic deformation expands to all the tooth section by movement of the line of contact. Particularly, the lines of contact near heel side contribute to the plastic deformation more than the other lines. Second, a plastic deformation index which was defined for simulation of the plastic deformation consists of three elements: 1) yield stress considering the hardness distribution of a case-hardened gear, 2) internal stress under the line of contact considering contact load by tooth contact analysis calculated by two cylinders Herzian contact model, and 3) correction coefficients both tooth profile direction and tooth trace direction at the contact point. The correlation between the plastic deformation index and plastic deformation was confirmed by a deformation test.
Introduction
It is becoming increasingly necessary to further reduce the weight and size of vehicle transmissions. For this reason, the gears used in these transmissions must also be made smaller. Gear tooth pairs are exposed to relatively large loads. The excessive loads may generate some kinds of failures. Such as, tooth breakage, surface fatigue failure, plastic deformation, and so on.
Tooth breakage which was caused by excessive stress of tooth root, was evaluated against material tensile strength and fatigue strength. Tooth root stresses were defined as some standards. . Surface fatigue failures were classified by pitting, micro-pitting, flaking, spalling, case crushing, and so on [AGMA Standard, 1980] . If "pitting" is interpreted in a broad sense, it would be able to include flaking, spalling and case crushing. Then, there were many studies to "pitting", such as, two-cylinders rolling/sliding testing [Suzuki, 1999] and FZG back to back testing. The FZG back to back testing is improving the design method for the pitting [ISO 6336-2 and Dobler, 2016] . Evaluations of micro pitting were compared with frictional force and micro pitting pattern [Yasue, 2015] , and were calculated by micro-EHL [Evans, 2013] .
On the other hand, a mechanism of plastic deformation was not analyzed in previous research. Then, since the plastic deformation of tooth pairs cannot be estimated, the evaluation of the plastic deformation had to testing. The purpose of this study is to analyze the plastic deformation mechanism of gears to enable size reduction while ensuring both high strength and lower noise. This research analyzed the plastic deformation mechanism by applying the finite element method (FEM) to case-hardened hypoid gears.
Estimation of yield area
To identify the plastic deformation of a tooth, it is important to specify the major yield area of the tooth. First, the yield area of the tooth was identified using the hypoid gears shown in Fig. 1 . Table 1 lists the tooth specifications.
The yield region and area of a normal section of these hypoid gears were investigated by elasto-plastic analysis focusing on the tooth root and under the line of contact. Since the size of the tooth is almost same in both pinion and ring gears, this paper describes the ring gear as a typical example. The two-dimensional model shown in Fig. 2 was used to simplify the evaluation. This model simulates the normal section of the tooth assuming plane strain conditions at a mean point. The model has three teeth to identify the effect on the surrounding teeth. Based on the measured hardness distribution shown in Fig. 3 , a case hardening layer was simulated using a finite element mesh of four layers with different material characteristics. The stress-strain curves of each layer were approximated from the measured relationship between hardness and tensile strength of high strength steel.
Some issues of contact analysis for calculating the plastic deformation of tooth pairs include long calculation times and convergence stability. In this study, a contact load calculated in advance by tooth contact analysis was applied to the tooth surface of the ring gear. In this method, since the contact load must be defined as a reasonable value, the contact load was determined as follows. The contact load under which plastic deformation is calculated was determined by stress analysis of the hypoid gears based on the tooth contact analysis [Litvin and Fuentes, 2004, Yoshikawa el al., 1997] shown in Table 2 . Movement of the line of contact is represented by the contact load applied to the dispersed areas of the tooth profile from tip to root repeatedly as shown in Fig.4 . In addition, the bottom area of the model is considered as a displacement restraint, as shown in Fig. 2(b) . The evaluation points of the plastic deformation were defined as the deference between initial shape and after loaded shape at the tooth tip of opposite tooth surface shown in Fig. 2(b) . Using these models, elasto-plastic analysis can be performed in a short calculation time without contact analysis.
In order to specify the yield region of the tooth, the relationship between the contact load and the yield region was investigated by elasto-plastic analysis using Abaqus. At every dispersed area, the yield regions appear under the tooth surface. The area of the yield region is largest when the contact load is applied to the tooth tip as shown in Fig. 5 . Since the tooth was bended by the yield region under the tooth surface, the deformation remained at the evaluation point after loaded. The area of the yield region becomes larger as the amplitude of the contact load increases as shown in Fig. 6 . In contrast, the yield areas of the tooth root are narrower than under the contact point. These results suggest that a major factor causing plastic deformation is the yield region under the line of contact. Table 1 Gear dimensions Aoyama, Suzuki, Inokura and Shibata, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) Suzuki, Inokura and Shibata, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) 
Evaluation of Plastic Deformation of Hypoid Gears
The plastic deformation of hypoid gears was investigated in detail using FEM. This investigation used the ring gear shown in Table 3 as well as the ring gear described above. This investigation used an FE model with four teeth as shown in Fig. 7 . The mesh size of the normal section was 0.2 mm and 0.6 mm in the tooth trace direction. The evaluation gears listed in Table 3 were used to investigate the influence of the hardening depth. The case hardening model was approximated using four layers as well as the layers described above, as shown in Fig. 8 .
To evaluate the plastic deformation, two kinds of torque levels that generate different plastic deformation were defined. As described above, the load on the line of contact, which is calculated in advance by tooth contact analysis, was applied to the ring gear as an equivalent load. The real contact load under plastic deformation differs from the contact load under elastic deformation due to changes in the load distribution on each tooth. Since the purpose of this study is to analyze the plastic deformation mechanism, the contact load under elastic deformation in the tooth contact analysis was used to investigate the yield region in the tooth pairs. Moreover, the evaluation used the drive side of the gears as well as the two-dimensional analysis described above.
The path of contact on the drive side moves to the root of the toe side from the tip of the heel side as shown in Fig.  9 . The lines of contact were defined as 21 evaluation lines on the tooth surface. The distribution of the contact load on each line of contact was calculated by tooth contact analysis under elastic deformation as described above. Furthermore, a parabolic distribution of contact load across the line of contact was applied to the node of the finite element model, considering the contact width approximating two-cylinder contact. Displacement at the bottom of the ring gear was restrained.
First, the plastic deformation of the tooth was calculated by applying the contact load to the lines of contact from No. 1 to 21 repeatedly as shown in Fig. 4(b) . Second, the relationship between the line of contact and the plastic deformation was also investigated by applying the contact load to each line of contact separately. The plastic deformation was evaluated at the tooth tip of the heel side. Vol.11, No.6 (2017) 
No. Vol.11, No.6 (2017) 
Validation of the evaluation model
To confirm the validity of the calculation model, the amount of plastic deformation under running condition was measured. In this study, tooth contact of gear (a) was whole tooth surface shown in Fig. 10 . Gears (b) to (d) were also same contact pattern. Test gears were built into a differential unit and given torque and rotation speed on a test bench. The plastic deformation can be measured by the difference in the tooth profile between the initial and after loaded shapes shown in Fig. 11 . The calculated and measured deformations along the tip from the toe side to the heel side on opposite side surface like Fig. 2(b) were almost the same, as shown in Fig. 12 . The plastic deformation at the heel side under torque condition D was difference against the measurement. Because the contact load in the calculation didn't consider the effect of the plastic deformation, the contact load was inferred as becoming larger from real condition. This study discards this difference since it does not affect the deformation mechanism. Systems, and Manufacturing, Vol.11, No.6 (2017) 
Plastic deformation mechanism
First, the influence of the position of the line of contact along the path of contact was investigated. The size and position of maximum deformation were calculated for test gears (a) and (b) when the load distributions were applied to each line of contact separately. The lines of contact from No. 2 to 8 contribute to plastic deformation more than the other lines. These results indicate that plastic deformation of hypoid gears is caused by the line of contact near the heel side in Fig. 13 .
Next, the yield region that causes plastic deformation was investigated focusing on the line of contact No. 4, which has a high contribution to plastic deformation. Investigations of the yield region on the normal section of the tooth near heel side show characteristic phenomena as shown in Figs. 14 and 15. These are the yield regions under the line of contact, and the yield areas differ by changing the case hardening depth, in the same way as the two-dimensional analysis described above. Moreover, it was also confirmed that the yield areas under those lines of contact become larger when the contact load near the heel side is larger.
These results indicate that plastic deformation occurs due to yield under the line of contact near the heel side. Furthermore, the maximum deformation at the tip of the heel side is caused by this yield expanding from the tip to the root along the path of contact. Systems, and Manufacturing, Vol.11, No.6 (2017) 
Plastic deformation index
The plastic deformation index shown in Fig. 16 was created based on the plastic deformation mechanism described above. When plastic deformation can be approximated as linear work hardening, a concept of the mechanism is that the plastic deformation correlates with the area of internal stress Af that exceeds the yield stress σ yld .
First, tooth contact analysis under elastic deformation was performed using the gear dimensions described above. The load distribution on the tooth bearings and the pressure distribution on the line of contact were calculated at 29 dispersed points on each line of contact as shown in Fig. 17 . Second, the dispersed point i on the line of contact j was applied to a two-cylinder contact model as shown in Fig.  16 . The point i was applied under the following contact conditions: contact load P ij , curvature r ij and the length of the two-cylinder model l. When the curvatures of pinion and gear at the dispersed point i, j were defined by cutting process of hypoid gears [Kubo, 1996] , the internal stress σ mij was calculated using Herzian contact theory [Smith and Liu, 1953 ] using Eqs. 1-14. The internal hardness distribution is approximated as shown in Fig. 18 . And the yield stress distribution σ yldij is approximated like the relationship between hardness and yield stress as shown in Fig. 8 . From the relationship between the internal stress σ mij and the approximated yield stress σ yldij , the area of internal stress Af ij that exceeds the yield stress was calculated at each point i as shown in Fig.16 . The area of yield stress Af ij is normalized by the area below yield stress Ay ij which considers the hardening depth and tooth thickness at evaluation point i, j.
Third, the tooth profile coefficient Xt ij which is defined as the distance from the tip to the point i, j is applied. In addition, the tooth trace coefficient Xh ij which is defined as the tooth bending compliance along the tooth tip is also applied.
Finally, the plastic deformation indices at each line of contact Yp j are defined by the sum of the dispersed points i on the line of contact j using Eq. 15. The plastic deformation index ΣYp is defined by the sum of Yp j at all the lines of contact j using Eq. 16. Aoyama, Suzuki, Inokura and Shibata, Journal of Advanced Mechanical Design, Systems, and Manufacturing, Vol.11, No.6 (2017) = 4 (4)
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Validation of Index
The plastic deformation indices of each line of contact Yp j are as shown in Fig. 19 and 20. The indices Yp j of the lines of contact from No. 2 to 6 are larger than the others in each gear. In addition, the distributions of these indices are almost the same as the plastic deformation calculated by FEM analysis. The sum of plastic deformation of each line of contact (the plastic deformation index ΣYp) correlates closely to the plastic deformation measured on the test bench, as shown in Fig. 21 . These results confirm that a plastic deformation mechanism based on internal stress is correct and that the proposed plastic deformation index can express the plastic deformation of tooth pairs.
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Tooth bending plastic deformation, which is caused by the yield region under the line of contact, is generated by internal stress due to the contact load. The yield region under the line of contact expands to all the tooth sections by movement of the line of contact. Then the plastic deformation of tooth bending occurred. Particularly, the lines of contact near heel side contribute to the plastic deformation more than the other lines. A plastic deformation index is composed by the yield stress of the tooth and the internal stress obtained from the load distribution on the line of contact with the tooth curvature to simulate the plastic deformation. It is confirmed that the plastic deformation index correlates closely the real plastic deformation.
